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Abstract. Given a connected graph G and a terminal set R ⊆ V (G),
the Steiner tree problem (ST) asks for a tree that spans all of R with at
most r vertices from V (G)\R, for some integer r ≥ 0. It is known from
(Garey et al.,1977 [1]) that ST is NP-complete. A Steiner tree in which all
terminal vertices are constrained to be leaves is called a terminal Steiner
tree. Our study addresses the existence of a terminal Steiner tree, its
complexity across various graph classes, black-box applications of the
ST, and a �xed-parameter tractable (FPT) algorithm with respect to
the number of terminals.
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1 Introduction

The Steiner tree problem is one of the most important combinatorial optimiza-
tion problems, which can be used as a model in many �elds, such as global rout-
ing, network routing, VLSI design, optical and wireless communication systems,
transportation and distribution networks, and phylogenetic tree reconstruction.
It is one among 21 NP-complete problems listed by Karp [2]. The Steiner tree
problem is a common term for a class of combinatorial optimization problems de-
�ned in various settings. Generally speaking, this problem requires an optimum
interconnect for a given set of points under a prede�ned objective function.

Given a connected edge-weighted graph G and a subset of vertices R ⊆ V (G)
called terminals, the objective is to �nd a tree T that spans all vertices in R while
minimizing the total weight of the edges in T . In the unweighted setting, the
goal becomes minimizing either the number of edges in the Steiner tree or the
number of additional vertices Q ⊆ V (G) \ R (called Steiner vertices) used to
connect the terminals. ST generalizes two well-known problems: the Minimum
Spanning Tree when R = V (G), and the Shortest Path problem when |R| = 2.
In this paper, we shall work with the unweighted version of the problem. All
graphs in this paper are assumed to be simple unweighted connected graphs
unless explicitly mentioned otherwise.

This work is partially supported by NBHM-02011/24/2023/6051 and ANRF (DST)-
CRG/2023/007127
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Since ST is a hard problem for general graphs, it has been studied in di�erent
graph classes as well as for approximation results. ST remains NP- complete even
on graph classes like Planar [3], Bipartite [2], Split [4], and Chordal bipartite
graphs [5]. While the problem is solvable in polynomial time for certain graph
classes, such as Series Parallel [6], Strongly Chordal [4], Permutation [7] and
Circle graph [8].

The problem of identifying an optimum tree in which all terminal vertices are
leaves is referred to as the Terminal Steiner Tree problem(TST). Even though
every connected graph admits a Steiner tree, the existence of a terminal Steiner
tree is not assured. It depends on the choice of the terminal set. In the Eu-
clidean setting, a terminal Steiner tree is guaranteed to exist for any terminal
set R. This follows from the fact that one can always construct a star con�gura-
tion with the terminal vertices as leaves, introducing additional interior points
when collinearity occurs. An analogous construction ensures the existence of a
rectilinear terminal Steiner tree.

TST on graphs is NP-complete [9]. If ρ is the best-known approximation ratio
for the graph Steiner tree problem, then there is a polynomial time approxima-
tion algorithm for Terminal Steiner Tree with performance ratio ρ+2 [9]. Later, it
improved to 2ρ [10]. Current best approximation algorithm for Terminal Steiner

tree have performance ratio 2ρ− ρα2−αρ
(α+α2)(ρ−1)+2(α−1)2 , α ≥ 2 [11].

We establish the necessary and su�cient conditions for the existence of a
Terminal Steiner tree for a particular terminal set in an arbitrary graph. We
subsequently present a general framework that characterises the graph classes
in which the TST is NP-complete. We propose a framework to solve TST from
ST for split-like graphs. We further establish that the weighted version of the
Terminal Steiner Tree problem is �xed-parameter tractable (FPT) with respect
to the number of terminals.

1.1 Preliminaries

In this paper, we work with connected, simple, unweighted graphs. For a graph
G, the vertex set is V (G) and the edge set is E(G) = {{u, v}|u, v ∈ V (G) and
u is adjacent to v ∈ G and u ̸= v}. The neighborhood of a vertex v denoted by
NG(v) = {u|{u, v} ∈ E(G)}. The degree of a vertex v is degG(v) = |NG(v)|. For
a graph G and S ⊆ V (G), G[S] represents the subgraph of G induced on the
vertex set S. The diameter of a graph is the farthest distance between any two
of its vertices.

A bipartite graph G = A ∪B is such that V (G) can be partitioned into two
independent sets A and B. Km,n is a complete bipartite graph with |A| = m and
|B| = n. A split graph G = K + I is such that V (G) can be partitioned into
a clique K and an independent set I. A bisplit graph G = [A ∪ B] + I is such
that V (G) can be partitioned into three independent sets A,B and I, such that
G[A ∪B] is a complete bipartite graph.

We de�ne split-like graph as a graph G which can be partitioned into two
sets K and I, where I is an independent set and the induced subgraph G[K] is



Terminal Steiner tree problem : Complexity and Algorithms 3

a complete graph or complete k-partite graph, for some k ≥ 1. For a complete
graph or k = 1, 2, G is a split graph, a bipartite graph and a bisplit graph,
respectively. For all other values of k, the graph is referred to as a k-split graph.

A H-free graph is a graph that does not contain H as an induced subgraph.
A graph is chordal if every cycle of length greater than 3 has a chord. A graph
G is a chordal bipartite graph if G is bipartite and every cycle of length greater
than 4 has a chord.

We now formally de�ne the minimum Steiner tree problem.

Optimization problem- ST (G, R):
Input: A Connected Graph G, a terminal set R ⊆ V (G),
Question: Find a Steiner tree connecting R with the minimum number of Steiner
vertices S.

Decision problem- ST(G,R,k):
Input: A Connected graph G, a terminal set R ⊆ V (G) and an integer k
Question: Is there a Steiner tree consisting of at most k Steiner vertices?

2 Terminal Steiner tree

Even though every connected graph admits a Steiner tree, the existence of a
terminal Steiner tree is not assured. It depends on the choice of the terminal set.
For example, a path is a connected graph in which all subtrees are themselves
paths. Hence, if the terminal set has cardinality at least three, no terminal Steiner
tree exists for that terminal set. Trivial cases in which a terminal Steiner tree
always exists are as follows.

� Consider a connected graph G and a terminal set R in which degree(u) = 1
∀u ∈ R. In this case, the ST itself is TST.

� Consider a connected graph G and a terminal set R such that |R| = 2, then
ST is nothing but the Shortest Path problem, which is also a TST.

By de�nition, every terminal Steiner tree is a Steiner tree; however, the con-
verse does not always. Furthermore, given a graph G and a terminal set R, the
minimal Steiner tree and the minimal terminal Steiner tree (when the latter ex-
ists) may di�er in their optimum values(i.e. the number of Steiner vertices). Let
us consider the complete graph K4 with a terminal set R consisting of any three
vertices. In this case, the minimal Steiner tree is the path P3, which requires no
additional Steiner vertices, so the optimum value is k = 0. However, the minimal
terminal Steiner tree is the star K1,3, which necessarily introduces one Steiner
vertex, giving an optimum value of k = 1.

Observation 1 For a connected graph G with terminal set R, if OPT1 de-
notes the cardinality of the minimum Steiner set for the Steiner tree problem,
and OPT2 denotes the cardinality of the minimum Steiner set for the Terminal
Steiner tree problem, then OPT1 ≤ OPT2.
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2.1 Existence of Terminal Steiner tree

Before determining the optimum terminal Steiner tree, it is necessary to establish
whether such a tree exists in the graph G for the speci�ed terminal set R.

Lemma 1 For a connected graph G with terminal set R, if ∃u ∈ R such that
NG(u) ⊆ R, then either |R| = 2 or there doesn't exist a Terminal Steiner tree
for R.

Proof. Let u ∈ R such that NG(u) ⊆ R. Then for any Steiner tree T for R,
|NG(u) ∩NT (u)| ≥ 1. Let v be such a vertex. Again v has the same property of
u.
Case 1: degT (v) = 1; since degT (u) = 1 (otherwise T is not terminal Steiner
tree), T is path P2 .
Case 2: degT (v) ≥ 2; T is no more terminal Steiner tree.

Converse is not always true. Consider the path P6 and R = {a2, a3, a5}. We
already know the terminal Steiner tree doesn't exist in a path if |R| > 2. But
none of the u ∈ R satis�es NG(u) ⊆ R.

Theorem 1 Let G be a connected graph with terminal set R. Then the terminal
Steiner tree exists for R i�

a) every terminal vertex has an adjacent node in V \R.
b) G[V \R] is connected.

Proof. Suppose T is a terminal Steiner tree for R. Then by Lemma 1,(1) is
satis�ed. Now removing leaves from T doesn't a�ect the connectivity. i.e. G[T\R]
is connected, implies G[V \R] is connected.
Conversely, suppose (a) and (b) are satis�ed. Since G[V \R] is connected, �nd
a spanning tree T ′ for G[V \R]. Each terminal vertex is made adjacent to the
corresponding vertices in T ′. Remove all leaves in the obtained tree that are not
terminal vertices. The resultant tree T is a terminal Steiner tree for R.

Since the construction process described in this theorem provides a straight-
forward polynomial-time algorithm, we may conclude that verifying the existence
of a terminal Steiner tree in a connected graph is computationally tractable.

Proposition 1 The problem of determining whether a terminal Steiner tree ex-
ists in a connected graph is solvable in polynomial time.

Depending on the spanning tree T ′ for G[V \R], there exist di�erent terminal
Steiner trees with di�erent Steiner vertices S. The terminal Steiner tree prob-
lem is a minimization problem for which the number of Steiner vertices(interior
vertices) has to be minimized. The decision version is de�ned as

De�nition 1 TST(G,R, k)
Input: A connected graph G with a terminal set R and a non negative integer k.
Question: Is there any terminal Steiner tree connecting R with at most k Steiner
vertices?
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2.2 Hardness results

The metric version of TST is known to be NP-complete [9]. Our approach is to
investigate the problem within diverse graph classes. Rather than establishing
individual proofs for each class, we introduce a uni�ed framework designed to
operate e�ectively across a broad spectrum of graph classes.

Theorem 2 Let Π be a graph class. Let Π be closed under the operation of
adding pendant vertices. Then if ST is NP-complete on Π, then TST is NP-
complete on Π.

Proof. TST is in NP: Given a certi�cate T , we show that there exists a de-
terministic polynomial-time algorithm for verifying the validity of the certi�cate
T . Note that the standard Breadth First Search algorithm can be used to check
whether T is connected and acyclic. It is easy to check whether |S| ≤ k. Also
check degT (v) = 1 ∀v ∈ R Therefore, the certi�cate veri�cation can be done in
O(|V (G)|+ |E(G)|). Thus, we conclude that the Terminal Steiner tree problem
is in NP.
TST is NP- Hard: An instance of ST (G,R, k) is reduced to an instance of
TST (G′, R′, k′).
Construction: Here G is in Π . For each u ∈ R, create a copy u′ and make
u′ adjacent to u. Let R′ = {u′ : u ∈ R}. Then G′ is the new graph with
V (G′) = V (G) ∪R′ and E(G′) = E(G) ∪ {{u, u′} : u ∈ R, u′ ∈ R′}.
G′ is in Π: G is in Π. Since Π is closed under the operation of adding pendant
vertices, G′ also belongs to Π.
Claim: ST (G,R, k) if and only if TST (G′, R′, k′ = k + |R|).
Proof: Necessity: If there exist a Steiner set S of size at most k in G for R, then
S′ = S ∪R forms a Steiner set of size at most k + |R| for R′ ( since S ∩R = ϕ)
and the resultant tree will have R′ as leaves.
Su�ciency: Suppose there exists a Steiner set S′ of size at most k + |R| in G′

for R′. Since R′ are connected only to R, R ⊆ S′ .Then the set S = S′\R forms
a Steiner set in G for R. Also |S| = |S′\R| = |S′| − |S′ ∩ R| = |S′| − |R| ≤
k + |R| − |R| = k.

Graph classes closed under adding pendant vertices, for which ST is known
to be NP-complete, include bipartite [2], planar [3], planar bipartite [4], chordal
[4], and chordal bipartite graphs [5]. By the above theorem,

Corollary 1 TST is NP-complete on the graph classes- bipartite, planar, planar
bipartite, chordal and chordal bipartite.

It should be noted that graph classes like k-regular graphs, split graphs and
bisplit graphs violate this property, since the addition of pendant vertices takes
them outside the class.
The immediate consequences of this construction are described below.

Corollary 2 Suppose the ST is NP-complete on the graph class of diameter d.
Then the TST is NP-complete on the graph class of diameter d+ 2.
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Proof. Suppose G is a graph of diameter d. Proceed using the same construction
as in Theorem 2. Let P (u, v) be a path in G realising the diameter d. Adding
pendant vertices to u and v increases the path length to d+ 2.
If u, v ∈ V (G), then dG′(u, v) = dG(u, v)
If u ∈ V (G) and v′ ∈ R′ such that N(v′) = {v}, then dG′(u, v′) = dG(u, v) + 1
If u′ ∈ R′ such that N(u′) = {u} and v′ ∈ R′ such that N(v′) = {v}, then
dG′(u′, v′) = dG(u, v) + 2
Therefore

diam(G′) = max
{
diam(G),diam(G) + 1,diam(G) + 2

}
= diam(G) + 2

Corollary 3 Assume that ST is NP-complete on the graph class in which K1,r

is forbidden as an induced subgraph. Then the TST is NP-complete on the graph
class in which K1,r+1 is forbidden as an induced subgraph.

Proof. Suppose G is a K1,r- free graph. Proceed using the same construction as
in the theorem. Assume that the reduced graph G′ contains an induced subgraph
H which is a K1,r+1. If V (H) ⊆ V (G), then it contradicts that G is a K1,r- free.
So the only possibility is that H is a star with the centre vertex in G and among
r + 1 leaves, at least one vertex is from R′. Note that, in the construction, two
pendant vertices are never added to the same vertex of G. Thus, H is a star
whose centre lies in G, with exactly one leaf vertex v ∈ R′. Then H− v is a K1,r

which is an induced graph in G, contradicts that G is K1,r- free.

ST is NP-complete in K1,5-free split graphs [12]. An immediate consequence of
the above result is that TST is NP-complete in K1,6-free split graphs.
We explicitly prove the hardness results for split and bisplit.

EXACT -l-COV ER(X,C)
Instance: A collection C of 3-element subsets of a set X = {x1, x2, ..., x3q}.
Question: Is there a sub-collection C ′ ⊆ C such that for every xi ∈ X,xi belongs
to exactly one member of C ′?

For l ≥ 3, often abbreviated as XlC, is known to be NP-complete [3].

Proposition 2 TST on a split graph is NP-complete.

Proof. The Terminal Steiner tree problem is NP-Hard: An instance of
X3C(X,C) is reduced to an instance of TST (G,R, k) as follows: G = K + I
such that K = {vi|ci ∈ C}, I = {uj |xj ∈ X} . E(G) = {{vi, uj}|vi ∈ K,uj ∈
I and xj ∈ ci} ∪ {{vi, vj} : vi, vj ∈ K, i ̸= j} and R = I.
G is a connected split graph with clique K.

Claim:X3C(X,C) if and only if TST (G,R = I ∪ I ′, k = |X|
3 )

Proof:Necessity : If there exists C ′ ⊆ C,|C ′| = |X|
3 which covers all the elements

of X, then the set of vertices S = {vi ∈ K|ci ∈ C} forms a terminal Steiner set

in G with R = I, where |S| = |X|
3 .

Su�ciency : If there exists a terminal Steiner set S ⊆ K in G on at most k = |X|
3
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Fig. 1: Reduction: An instance of X3C to TST on a split graph and the corre-
sponding minimum terminal Steiner tree with R = I.

Steiner vertices, then ∀v ∈ S, dI(v) = 3, |S| = |X|
3 and N I(S) = |X|, which

implies that there does not exist u, v ∈ S such that N I(u)∩N I(v) ̸= ∅. Therefore
the set C ′ = {ci ∈ C|vi ∈ S} forms an exact-3-cover of X.

Proposition 3 TST on a bisplit graph is NP-complete.

Proof. The Terminal Steiner tree problem is NP-Hard: An instance of
X3C(X,C) is reduced to an instance of TST (G,R, k) as follows: G = A ∪ B +
I ∪ I ′ such that A = {vi|ci ∈ C}, B = {v′i|ci ∈ C}, I = {uj |xj ∈ X} and
I ′ = {u′

j |xj ∈ X}. E(G) = {{vi, uj}|vi ∈ A, uj ∈ I and uj ∈ ci} ∪ {{v′i, u′
j}|v′i ∈

B, u′
j ∈ I ′ and u′

j ∈ ci} ∪ {{vi, v′j} : vi ∈ A, v′j ∈ B} and R = I ∪ I ′.
G is a connected bisplit graph with biclique A ∪B.

Claim:X3C(X,C) if and only if TST (G,R = I, k = 2|X|
3 ).

Proof:Necessity : If there exists C ′ ⊆ C,|C ′| = |X|
3 which covers all the elements

of X, then the set of vertices S = {vi ∈ A|ci ∈ C} ∪ {vi ∈ B|ci ∈ C} forms a

terminal Steiner set in G with R = I ∪ I ′, where |S| = 2|X|
3 .

Su�ciency : If there exists a terminal Steiner set S ⊆ K in G on at most k = 2|X|
3

Steiner vertices, then ∀v ∈ S, dI∪I′
(v) = 3, |S| = 2|X|

3 and N I∪I′
(S) = |X|,

which implies that there does not exist u, v ∈ S such that N I∪I′
(u)∩N I∪I′

(v) ̸=
∅. Therefore the set C ′ = {ci ∈ C|vi, v′i ∈ S} forms an exact-3-cover of X.

2.3 ST as black-box for TST

ST on split graph and bisplit graph can be employed as a black-box framework
for solving TST. This framework naturally extends to the class of k-split graphs.

Proposition 4 For the class of split graphs in which the ST problem is polynomial-
time solvable, the TST problem is also polynomial-time solvable.
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Proof. Consider a split graph G = K + I. R ⊆ K is trivial. Therefore, our anal-
ysis will be concentrated on these two cases.

Case 1: Suppose R ⊆ I. Let T1 be a Steiner tree with Steiner set S1 for the
terminal set R. Without loss of generality, let u ∈ R such that degT1

(u) = 2. Let
NT1

(u) = {c1, c2}. If c1, c2 are adjacent in T1, it forms a cycle. Therefore, they
are non-adjacent.
Case 1(a): Suppose c2 is adjacent to some w ∈ I (in T1). Then by removing
the edge between c2 and w, and making the vertices c1, c2 adjacent in T1. Here,
there is no change in optimum. However degree of u in the tree becomes 1.
Case 1(b): Suppose c2 is not adjacent to any w ∈ R (in T1). Then c2 can be
removed from the optimum, that is OPT2 = OPT1−1, which is a contradiction.
In this case OPT2 = OPT1

Case 2: R ∩ I ̸= ϕ and R ∩K ̸= ϕ. This case can be reduced to the case of
R ⊆ I by following the method:

� remove edges between two vertices vi, vj ∈ R ∩K
� remove edges between vi ∈ R ∩K and ui ∈ I

since these edges will not contribute to the terminal Steiner tree. But the edges
between vi ∈ R ∩K and ui ∈ I ∩R can contribute to the Steiner tree problem.
So removing these edges will a�ect the optimum. For each v ∈ R ∩K, deleting
edges from v to other terminal vertices in I may increase the optimum by at
most degI(v). Thus in this case, OPT2 ≤ OPT1 +

∑
v∈R∩K degI(v).

Each step outlined in the process is computationally feasible and can be
executed within polynomial time.

Corollary 4 TST on K1,4-free split graphs is polynomial-time solvable, whereas
TST on K1,5-free split graphs is NP-complete.

Proof. From [12] it is known that ST on K1,4-free split graphs is polynomial-
time solvable. By the preceding proposition, ST on K1,4-free split graphs can be
reduced in polynomial time to TST on K1,4-free split graphs. Also, the graph
constructed in the Proposition 2 is K1,5-free.

Proposition 5 For the class of bisplit graphs in which the ST problem is polynomial-
time solvable, the TST problem is also polynomial-time solvable.

Proof. Consider a bisplit graph G = A∪B + I. R ⊆ A∪B is trivial. Therefore,
our analysis will be concentrated on these cases.

Suppose R ⊆ I. Let T1 be a Steiner tree with Steiner set S1 for the termi-
nal set R. Without loss of generality, let u ∈ R such that degT1(u) = 2. Let
NT1

(u) = {c1, c2}, which is non adjacent in T1.

Case 1: NT1
(u) ⊆ A (or B)

Case 1(a): b ∈ S for some b ∈ B. So c1 and c2 is connected by b in T1. Then in
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T1 delete the edge (c2, u). Now degree of u becomes 1 and there is no change in
optimum.
Case 1(b): b /∈ S, ∀b ∈ B. Then we need an additional vertex to make a terminal
Steiner tree. So introduce a b′ from B to S. So S′ = S ∪ b′. Now, make each R
adjacent to exactly one of S and b′ is universal to S. Thus OPT2 = OPT1 + 1.

Case 2: NT (u) ∩A ̸= ϕ and NT (u) ∩B ̸= ϕ.
Suppose c1 ∈ A and c2 ∈ B. Now delete the edge (u, c2) and add (c1, c2) in T1.
Now degree of u becomes 1 and there is no change in optimum.

Suppose R ∩ I ̸= ϕ and R ∩ (A ∪ B) ̸= ϕ. This case can be reduced to the
case of R ⊆ I by following the method:

� remove edges between two vertices vi, vj ∈ R ∩ (A ∪B)
� remove edges between vi ∈ R ∩ (A ∪B) and ui ∈ I

since these edges will not contribute to the terminal Steiner tree. But the edges
between vi ∈ R∩ (A∪B) and ui ∈ I ∩R can contribute to the Steiner tree prob-
lem. So removing these edges will a�ect the optimum. For each v ∈ R∩ (A∪B),
deleting edges from v to other terminal vertices in I may increase the optimum
by at most degI(v). Thus in this case, OPT2 ≤ OPT1+

∑
v∈(A∪B)∩R degI(v)+1.

Each step outlined in the process is computationally feasible and can be
executed within polynomial time.

Corollary 5 TST on chordal bisplit and chordal bipartite bisplit is polynomial-
time solvable.

Proof. From [13] it is known that ST on chordal bisplit and chordal bipartite
bisplit graphs is polynomial-time solvable. By the preceding proposition, ST on
chordal bisplit and chordal bipartite bisplit graphs can be reduced in polynomial
time to TST on the respective graphs.

2.4 Fixed-Parameter Tractability of TST

The Dreyfus-Wagner algorithm [14], solves ST problem in time O(3k) by using
dynamic programming, where k is the number of terminal vertices. The core
of the method is a recursive formula that determines the length of a Steiner
minimum tree for a terminal set by utilizing the lengths of Steiner minimum
trees for all of its proper subsets. We are trying to extend this method for the
minimum terminal Steiner tree. Here we are considering the weighted version of
the problem.
Given an edge-weighted connected graph G with a terminal set R. The procedure
begins by computing minimum terminal Steiner trees for all 2-element subsets
of R. These results are then used to construct minimum terminal Steiner trees
for all 3-element subsets of R, and the process continues inductively until a
minimum terminal Steiner tree for the full terminal set R is obtained.
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Let S(X ∪{v}) denote the length of a min TST for X ∪{v} and sp(v, w) denote
the length of the shortest v − w path.

Lemma 2 Let X ⊆ K, X ̸= ∅, and v ∈ V \X. Then

S(X ∪ {v}) = min
w∈V \R
X′⊂X

{
sp(v, w) + S(X ′ ∪ {w}) + S

(
(X \X ′) ∪ {w}

)}
.

Proof. Assume that we have an min TST T for X ∪ {v} where X ⊆ R and
v ∈ R\X. Since v is a leaf of T , then there is a vertex w ∈ V (T ) such that there
is a shortest path Pvw that connects v and w in T . Hence we have T = Pvw+T ′,
where T ′ is a min TST for X ∪{w}. Note that w will not be a terminal (w /∈ R)
otherwise T is not a TST. After removing Pvw from T , w splits the remaining
component T ′ into two edge disjoint subtrees, i.e. for some non trivial subsets
X ′ ⊆ X, min TSTs T ′

1 for X ′ ∪ {w} and T ′
2 for (X \ X ′) ∪ {w}, we have the

decomposition T ′ = T ′
1 ∪ T ′

2.
Then min TST T for X∪{v} can be computed from min TST T ′ for X ′∪{w}

and shortest path Pvw, ∀w ∈ V , w /∈ R, and X ′ ⊆ X.

(a) Decomposition of T = Pvw + T ′ (b) Decomposition T ′ = T ′
1 ∪ T ′

2

Fig. 2: min TST T for X ∪ {v}

Thus, we obtain the following recursion

S(X ∪ {v}) = min
w∈V \R
X′⊂X

{
sp(v, w) + S(X ′ ∪ {w}) + S

(
(X \X ′) ∪ {w}

)}
.

Observe that the existence of a TST is guaranteed by the presence of the required
non-terminal vertex w in each recursive step.

Theorem 3 The Dreyfus�Wagner algorithm for TST computes the length of a
minimum terminal Steiner tree in O(3k) steps.

Proof. The correctness of the algorithm follows immediately from Lemma 2. The
recursion thus allows us to compute all optimal trees T (X ∪ {v}) for v ∈ V and
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X ⊆ R of size |X| = i recursively for i = 1, 2, · · · , k. Assuming that we have
already computed all these trees up to level i− 1, the minimum in the recursion
for a given X ⊆ R of size |X| = i can be computed in time O(2i). Hence, in
total, the algorithm takes

O

(
k∑

i=1

(
k

i

)
2i

)
= O(3k).

3 Conclusion

We present a characterization that establishes the conditions under which a ter-
minal Steiner tree exists in a connected graph with a speci�ed terminal set,
yielding a polynomial-time algorithm for verifying the existence of a terminal
Steiner tree. Then we present hardness results for various graph classes. We pro-
pose a black-box algorithmic framework for the Terminal Steiner Tree problem,
derived from the foundational Steiner tree problem, for split-like graphs. How-
ever, for bipartite graphs, the existence of such an algorithm (and bounds) re-
mains unsettled. It is interesting to extend the study of the TST to other graph
classes, in order to identify cases where the ST is tractable while TST is in-
tractable, and conversely where TST is tractable but ST is not, which facilitates
the development of approximation algorithm for the corresponding intractable
problem.
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